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ON THE LAGUERRE FRACTIONAL INTEGRO-DIFFERENTIATION
S. YAKUBOVICH
ABSTRACT. A fractional power interpretation of the Laguerre derivative (DxD)α , D≡ d
dx
is discussed.
The corresponding fractional integrals are introduced. Mapping and semigroup properties, integral rep-
resentations and Mellin transform analysis are presented. A relationship with the Riemann-Liouville
fractional integrals is demonstrated. Finally, a second kind integral equation of the Volterra-type, in-
volving the Laguerre fractional integral is solved in terms of the double hypergeometric type series as
the resolvent kernel.
1. INTRODUCTION AND AUXILIARY RESULTS
Themain goal of the present paper is to propose constructions of the fractional integro-differentiation,
which represent fractional powers of the so-called Laguerre derivative θ ≡ DxD [3], where D ≡ d
dx
is the differential operator. The crucial feature of the Laguerre derivative is that its integer powers
satisfy the following Viskov-type identity (see [10])
θn = (DxD)n = DnxnDn, n ∈ N0. (1.1)
Therefore it has a reason to give an interpretation of the fractional power (DxD)α for arbitrary positive
values of α .
It is known [8], Section 5.1 that the classical left- and right-sided Riemann-Liouville fractional
integrals of order α > 0 on the half-axis R+ are defined, respectively,
(
Iα0+ f
)
(x) =
1
Γ(α)
∫ x
0
(x− t)α−1 f (t)dt, x> 0, α > 0, (1.2)
(
Iα− f
)
(x) =
1
Γ(α)
∫ ∞
x
(t− x)α−1 f (t)dt, x> 0, α > 0, (1.3)
where Γ(z) is the Euler gamma-function [11]. The corresponding Riemann-Liouville fractional
derivatives associated with (1.2), (1.3) are given by
(
Dα0+ f
)
(x) =
1
Γ(n−α)
(
d
dx
)n∫ x
0
f (t)
(x− t)α−n+1dt, x> 0, n= [α]+1, (1.4)(
Dα− f
)
(x) =
(−1)n
Γ(n−α)
(
d
dx
)n ∫ ∞
x
f (t)
(t− x)α−n+1 dt, x> 0, n= [α]+1, (1.5)
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where [α] denotes the integer part of α > 0. Our approach will involve the Mellin transform in
Lν,p(R+), ν ∈ R, 1≤ p≤ 2 (see details in [9]), which is defined by the integral
f ∗(s) =
∫ ∞
0
f (x)xs−1dx. (1.6)
It converges in mean with respect to the norm in Lp′(ν− i∞,ν + i∞), p′ = p/(p−1). Moreover, the
Parseval equality holds for f ∈ Lν,p(R+), g ∈ L1−ν,p′(R+)∫ ∞
0
f (x)g(x)dx=
1
2pii
∫ ν+i∞
ν−i∞
f ∗(s)g∗(1− s)ds. (1.7)
The inverse Mellin transform is given accordingly
f (x) =
1
2pii
∫ ν+i∞
ν−i∞
f ∗(s)x−sds, (1.8)
where the integral converges in mean with respect to the norm in Lν,p(Ω), Ω = R+ and
|| f ||ν,p =
(∫
Ω
| f (x)|pxν p−1dx
)1/p
, 1≤ p< ∞, (1.9)
|| f ||ν,∞ = ess supx∈Ω xν | f (x)|. (1.10)
In particular, letting ν = 1/p we get the usual space Lp(R+; dx). As it is proved in [1] the Mellin
convolution transform
(K f )(x)≡ (k ∗ f )(x) =
∫ ∞
0
k
(x
u
)
f (u)
du
u
(1.11)
belongs to Lν,p(R+), 1≤ p≤ 2, ν ∈R if f ∈ Lν,p(R+) and k∈ Lν,1(R+). Moreover, the factorization
property in terms of the Mellin transform (1.6) takes place
(K f )∗(s) = k∗(s) f ∗(s), s= ν + iτ, τ ∈ R. (1.12)
When k ∈ Lν,r(R+), 1≤ r < ∞, the boundedness of the convolution operator (1.11) K : Lν,p(R+)→
Lν,q(R+), where
1≤ p≤ ∞, 1
q
=
1
p
+
1
r
−1≥ 0,
is known as the Young inequality
||k ∗ f ||ν,q ≤ ||k||ν,r|| f ||ν,p. (1.13)
Considering the fractional integration and differentiation as reciprocal operations, we will appeal
to the space of functions f ACn (R+) , n ∈ N (see [8], Section 1.1) which have continuous deriva-
tives up to order n−1 with f (n−1) ∈ AC (R+), where AC (R+) is the space of absolutely continuous
functions. Moreover, denoting by Iα0+ (L1) , α > 0 the space of functions f , represented by the left-
sided fractional integral (1.2) of a summable function f = Iα0+ϕ, ϕ ∈ L1 (R+), we use its description
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via Theorem 2.3 in [8] to say that f ∈ Iα0+ (L1) if and only if In−α0+ f ∈ ACn (R+) , n = [α] + 1 and(
In−k−α0+ f
)
(0) = 0, k = 0,1, . . . ,n−1.
Let f ∈ Lν,p (R+) , ν < 1, 1 ≤ p ≤ ∞, and for positive integers n let us write the composition of
fractional integrals (1.2)
(
In0+x
−nIn0+
)
f as follows
(
In0+x
−nIn0+
)
f =
1
[(n−1)!]2
∫ x
0
(x− t)n−1
tn
∫ t
0
(t−u)n−1 f (u)dudt
=
1
[(n−1)!]2
∫ x
0
f (u)
∫ x
u
(x− t)n−1(t−u)n−1t−ndtdu, (1.14)
where the interchange of the order of integration for each x > 0 is allowed via Fubini’s theorem due
to the estimate
∫ x
0
(x− t)n−1
tn
∫ t
0
(t−u)n−1| f (u)|dudt
≤ || f ||ν,p
∫ x
0
(x− t)n−1
tn
(∫ t
0
(t−u)q(n−1)u(1−ν)q−1du
)1/q
dt
= || f ||ν,p
∫ x
0
(x− t)n−1t−νdt
(∫ 1
0
(1−u)q(n−1)u(1−ν)q−1du
)1/q
= xn−ν || f ||ν,p B(1−ν,n)B1/q ((1−ν)q,1+q(n−1))< ∞,
where B(a,b) is Euler’s beta-function [11]. Returning to (1.13), we calculate the inner integral on the
right-hand side of the latter equality via Entry 2.2.6.1 in [6], Vol. I to obtain
∫ x
u
(x− t)n−1(t−u)n−1t−ndt = Γ
2(n) (x−u)2n−1
Γ(2n) un
2F1
(
n, n; 2n; 1− x
u
)
, x> u> 0, (1.15)
where 2F1(a,b,c;z) is the Gauss hypergeometric function [6], Vol. III. Hence we derive finally
(
In0+x
−nIn0+
)
f =
1
Γ(2n)
∫ x
0
(x−u)2n−1u−n2F1
(
n, n; 2n; 1− x
u
)
f (u)du, x> 0. (1.16)
Analogously, we treat a similar composition, involving fractional integral (1.3). Precisely, it gives
(
In−x
−nIn−
)
f =
1
[(n−1)!]2
∫ ∞
x
(t− x)n−1
tn
∫ ∞
t
(u− t)n−1 f (u)dudt
=
1
[(n−1)!]2
∫ ∞
x
f (u)
∫ u
x
(t− x)n−1(u− t)n−1t−ndtdu, (1.17)
where the interchange of the order of integration is guaranteed by the estimate
∫ ∞
x
(t− x)n−1
tn
∫ ∞
t
(u− t)n−1| f (u)|dudt
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≤ || f ||ν,p
∫ ∞
x
(t− x)n−1
tn
(∫ ∞
t
(u− t)q(n−1)u(1−ν)q−1du
)1/q
dt
= || f ||ν,p
∫ ∞
x
(t− x)n−1t−νdt
(∫ ∞
1
(u−1)q(n−1)u(1−ν)q−1du
)1/q
= xn−ν || f ||ν,p B(ν−n,n)B1/q ((ν−n)q,1+q(n−1))< ∞
when f ∈ Lν,p (R+) , ν > n, 1≤ p≤ ∞. Therefore we obtain from (1.17)
(
In−x
−nIn−
)
f =
x−n
Γ(2n)
∫ ∞
x
(u− x)2n−12F1
(
n, n; 2n; 1− u
x
)
f (u)du, x> 0. (1.18)
We will call compositions (1.16), (1.18) the Laguerre n-fold integration operators, namely,
(Ln0+ f )(x) =
1
Γ(2n)
∫ x
0
(x−u)2n−1u−n2F1
(
n, n; 2n; 1− x
u
)
f (u)du, x> 0, (1.19)
(Ln− f )(x) =
x−n
Γ(2n)
∫ ∞
x
(u− x)2n−12F1
(
n, n; 2n; 1− u
x
)
f (u)du, x> 0. (1.20)
Hence, taking into account (1.1), there hold the relations
θnLn0+ f = f , θ
nLn− f = f . (1.21)
The main goal of this paper is to investigate fractional analogs of the Laguerre operators (1.19),
(1.20) when the positive integer n is replaced by the real positive α . We will study their mapping
properties in spaces Lν,p (R+), establish semigroup properties and formulas of the integration by parts
as well as their Mellin-Barnes representations. Finally we will apply these results to the solvability of
the corresponding second kind integral equations.
2. LAGUERRE FRACTIONAL INTEGRALS AND THEIR PROPERTIES
Basing on definitions (1.19), (1.20) of the Laguerre integration operators for positive integers, we
define their fractional counterparts on the positive half-axis, respectively, as follows
(Lα0+ f )(x) =
1
Γ(2α)
∫ x
0
(x−u)2α−1u−α2F1
(
α, α; 2α; 1− x
u
)
f (u)du, (2.1)
(Lα− f )(x) =
x−α
Γ(2α)
∫ ∞
x
(u− x)2α−12F1
(
α, α; 2α; 1− u
x
)
f (u)du, (2.2)
where α > 0. Furthermore, fractional integrals (2.1), (2.2) can be treated as the Mellin convolution
transform (1.11) with the Gauss hypergeometric function as the kernel. For instance, writing (2.1) in
the form
(Lα0+ f )(x) =
1
Γ(2α)
∫ ∞
0
(x
u
−1
)2α−1
+
2F1
(
α, α; 2α; 1− x
u
)
f (u)uα−1du, (2.3)
where
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(x−1)2α−1+ =
{
(x−1)2α−1, x≥ 1,
0 , x< 1,
we find that it represents the Mellin convolution (1.11) of the function xα f (x) with the kernel k+(x) =
[Γ(2α)]−1 (x−1)2α−1+ 2F1 (α, α; 2α; 1− x) . The latter function has the Mellin-Barnes integral rep-
resentation (see Entry 8.4.49.24 in [6], Vol. III), and we obtain
(x−1)2α−1+
Γ(2α)
2F1 (α, α; 2α; 1− x) = 1
2pii
∫ γ+i∞
γ−i∞
(
Γ(1−α− s)
Γ(1− s)
)2
x−sds, (2.4)
where x > 0, α > 0, γ < 1−α. Analogously, fractional integral (2.2) is the Mellin convolution of
the function xα f (x) with the kernel k−(x) = [Γ(2α)]−1 x−α(1−x)2α−1+ 2F1
(
α, α; 2α; 1− x−1) . The
latter function has the Mellin-Barnes integral representation (cf. Entry 8.4.49.25 in [6], Vol. III), and
we find
x−α (1− x)2α−1+
Γ(2α)
2F1
(
α, α; 2α; 1− 1
x
)
=
1
2pii
∫ γ+i∞
γ−i∞
(
Γ(s)
Γ(s+α)
)2
x−sds, (2.5)
where x> 0, α > 0, γ > 0. On the other hand, appealing to the Boltz formula for the Gauss hyperge-
ometric function (see [6], Vol. III, Entry 7.3.1.3) and Entry 7.3.1.70, these kernels can be written in
terms of the associated Legendre functions P
µ
ν (z) [6], Vol. III due to the identity
x−α(x−1)2α−1
Γ(2α)
2F1
(
α, α; 2α; 1− 1
x
)
=
√
pi
x1/4 Γ(α)
(x−1)α−1/2P1/2−α−1/2
(
1+ x
2
√
x
)
, x> 1. (2.6)
Taking into account asymptotic behavior of the Gauss hypergeometric function at infinity [6], Vol.
III, we see that kernels of the Laguerre fractional integrals (2.1), (2.2) behave as follows
k+(x) =
(x−1)2α−1+
Γ(2α)
2F1 (α, α; 2α; 1− x) = O
(
xα−1 log(x)
)
, x→+∞, (2.7)
k−(x) =
x−α(1− x)2α−1+
Γ(2α)
2F1
(
α, α; 2α; 1− 1
x
)
= O(log(x)) , x→ 0+ . (2.8)
Therefore k+(x)∈ Lν,1 (R+)when α > 0, α+ν < 1 and k−(x)∈ Lν,1 (R+)when, in turn, α > 0, ν >
0. Hence if f ∈ Lα+ν,p (R+) , 1 ≤ p ≤ ∞ we apply the generalized Minkowski inequality and take
into account from (1.15) that the hypergeometric function 2F1 (α, α; 2α; 1− x) , α > 0, x ≥ 1 is
positive to obtain
∣∣∣∣Lα0+ f ∣∣∣∣ν,p =
(∫ ∞
0
∣∣∣∣ 1Γ(2α)
∫ ∞
0
(u−1)2α−1+ 2F1 (α, α; 2α; 1−u) f
( x
u
)(x
u
)α du
u
∣∣∣∣
p
×xν p−1dx)1/p ≤ 1
Γ(2α)
∫ ∞
0
(u−1)2α−1+ u−α2F1 (α, α; 2α; 1−u)
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×
(∫ ∞
0
∣∣∣ f (x
u
)∣∣∣p x(α+ν)p−1dx)1/p du
u
=C+ || f ||α+ν,p , (2.9)
where
C+ =
1
Γ(2α)
∫ ∞
1
(u−1)2α−1 uν−12F1 (α, α; 2α; 1−u)du, α > 0, α +ν < 1. (2.10)
Analogously,
∣∣∣∣Lα− f ∣∣∣∣ν,p =
(∫ ∞
0
∣∣∣∣ 1Γ(2α)
∫ ∞
0
(1−u)2α−1+ u−α2F1
(
α, α; 2α; 1− 1
u
)
f
(x
u
)(x
u
)α du
u
∣∣∣∣
p
×xν p−1dx)1/p ≤ 1
Γ(2α)
∫ ∞
0
(1−u)2α−1+ u−2α2F1
(
α, α; 2α; 1− 1
u
)
×
(∫ ∞
0
∣∣∣ f (x
u
)∣∣∣p x(α+ν)p−1dx)1/p du
u
=C− || f ||α+ν,p , (2.11)
where
C− =
1
Γ(2α)
∫ 1
0
(1−u)2α−1 uν−α−12F1
(
α, α; 2α; 1− 1
u
)
du, α > 0, ν > 0. (2.12)
Furthermore, it is easily seen via (2.7), (2.8) that the kernels k+,k− belong to Lν,r(R+), 1 ≤ r < ∞
under the same conditions. Therefore, appealing to (1.13), we get the following inequalities for the
Laguerre fractional integrals (2.1), (2.2)
∣∣∣∣Lα0+ f ∣∣∣∣ν,q ≤ ||k+||ν,r|| f ||α+ν,p, (2.13)∣∣∣∣Lα− f ∣∣∣∣ν,q ≤ ||k−||ν,r|| f ||α+ν,p, (2.14)
where 1≤ p≤ ∞, q−1 = p−1+ r−1−1≥ 0. These results can be used to establish an analog of the
formula for fractional integration by parts, involving operators (2.1), (2.2)∫ ∞
0
f (x)(Lα0+g)(x)dx=
∫ ∞
0
g(x)(Lα− f )(x)dx. (2.15)
In fact, for smooth functions f ,g with compact support on R+ relation (2.15) is verified directly by
substitution (2.1) or (2.2) and changing the order of integration. Generally, let f ∈ Lα+ν,p(R+), g ∈
L1−ν,r(R+), α > 0, ν > 0, 1 ≤ p ≤ ∞, 1 ≤ r ≤ ∞, p−1+ r−1 ≥ 1. Hence, the Ho¨lder inequality
yields ∣∣∣∣
∫ ∞
0
f (x)(Lα0+g)(x)dx
∣∣∣∣≤ || f ||α+ν,p ∣∣∣∣Lα0+g∣∣∣∣1−α−ν,p′ . (2.16)
But since p−1+ r−1 ≥ 1, then p′ ≥ r, and hence (see (2.13))
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∣∣∣∣Lα0+g∣∣∣∣1−α−ν,p′ ≤ K1||g||1−ν,r, (2.17)
where K1 = ||k+||1−α−ν,q and q ≥ 1 is defined by the equality q−1 = [p′]−1− r−1+ 1. Substituting
this estimate into (2.16), we get∣∣∣∣
∫ ∞
0
f (x)(Lα0+g)(x)dx
∣∣∣∣≤ K1|| f ||α+ν,p||g||1−ν,r. (2.18)
It means that the left-hand side of (2.15) represents a bounded bilinear functional on Lα+ν,p(R+)×
L1−ν,r(R+). On the other hand, the right-hand side of (2.15) can be treated accordingly∣∣∣∣
∫ ∞
0
g(x)(Lα− f )(x)dx
∣∣∣∣≤ ||g||1−ν,r ∣∣∣∣Lα− f ∣∣∣∣ν,r′ , r′ = rr−1 .
Then similar to (2.17) we have
∣∣∣∣Lα− f ∣∣∣∣ν,r′ ≤ K2|| f ||α+ν,p,
where K2 = ||k−||ν,q and q≥ 1 is defined by the equality q−1 = [r′]−1− p−1+1. Hence∣∣∣∣
∫ ∞
0
g(x)(Lα− f )(x)dx
∣∣∣∣≤ K2|| f ||α+ν,p||g||1−ν,r,
and the right-hand side of (2.17) is a bounded bilinear functional on Lα+ν,p(R+)×L1−ν,r(R+). Con-
sequently, we proved the following
Theorem 1. Let α,ν > 0, 1≤ p≤∞, 1≤ r≤∞ be such that p−1+r−1≥ 1. If f ∈ Lα+ν,p(R+), g∈
L1−ν,r(R+), then there holds formula (2.15) of fractional integration by parts for Laguerre’s frac-
tional integrals (2.1),(2.2).
Further, recalling (1.12), (2.4), (2.5), we write the corresponding relations for the Mellin transform
of the fractional integrals (2.1), (2.2), namely,
(Lα0+ f )
∗(s) =
(
Γ(1−α− s)
Γ(1− s)
)2
f ∗(s+α), s= ν + iτ, τ ∈ R, (2.19)
(Lα− f )
∗(s) =
(
Γ(s)
Γ(s+α)
)2
f ∗(s+α), s= ν + iτ, τ ∈ R (2.20)
under the conditions f ∈ Lα+ν,p (R+) , 1≤ p≤ 2, α,ν > 0, α +ν < 1. However, when α > 1/(2p),
the Stirling asymptotic formula suggests that the square of the quotient of the gamma-functions be-
longs to Lp(ν− i∞,ν + i∞), p≥ 1. Then from (2.19), (2.20) and (1.8) we derive, reciprocally,
(Lα0+ f )(x) =
1
2pii
∫ ν+i∞
ν−i∞
(
Γ(1−α− s)
Γ(1− s)
)2
f ∗(s+α)x−sds, (2.21)
(Lα− f )(x) =
1
2pii
∫ ν+i∞
ν−i∞
(
Γ(s)
Γ(s+α)
)2
f ∗(s+α)x−sds, (2.22)
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where integrals (2.21), (2.22) converge absolutely due to the Ho¨lder inequality and mapping Lp-
properties of the Mellin transform (1.6) (see above). These formulas are key ingredients to establish
the semigroup property for the Laguerre fractional integrals (2.1), (2.2)
L
α+β
0+ f = L
α
0+L
β
0+ f , (2.23)
L
α+β
− f = L
α
−L
β
− f . (2.24)
Indeed, the right-hand side of (2.24) can be treated, substituting the Mellin-type representation (2.21)
for (L
β
0+ f )(x) into (2.1) and changing the order of integration by Fubini’s theorem owing to the
following estimate for each x> 0
∫ x
0
(x−u)2α−1u−α−ν2F1
(
α, α; 2α; 1− x
u
)∫ ν+i∞
ν−i∞
∣∣∣∣∣
(
Γ(1−β − s)
Γ(1− s)
)2
f ∗(s+β )ds
∣∣∣∣∣du
= xα−ν
∫ ∞
0
(y−1)2α−1+ yν−α−12F1 (α, α; 2α; 1− y)dy
×
∫ ν+i∞
ν−i∞
∣∣∣∣∣
(
Γ(1−β − s)
Γ(1− s)
)2
f ∗(s+β )ds
∣∣∣∣∣< ∞,
when ν < 1−β , α > 0, β > 1/(2p), 1≤ p≤ 2, f ∈ Lβ+ν,p (R+) . Hence, using (2.4), we obtain
(
Lα0+L
β
0+ f
)
(x) =
1
2pii
∫ ν+i∞
ν−i∞
(
Γ(1−β − s)
Γ(1+α− s)
)2
f ∗(s+β ) xα−sds, x> 0. (2.25)
But the right-hand side of (2.25) can be expressed in terms of the Mellin convolution (1.11), employ-
ing again Entry 8.4.49.24 in [6], Vol. III and shift property of the Mellin transform (1.6). Hence it
gives
(
Lα0+L
β
0+ f
)
(x) =
xα
Γ(2(α +β ))
∫ ∞
0
(x
u
−1
)2(α+β )−1
+
2F1
(
α +β , α +β ; 2(α +β ); 1− x
u
)
×
(x
u
)−α
f (u)uβ−1du=
(
L
α+β
0+ f
)
(x),
which proves (2.23). Analogously, equality (2.24) can be proved, recalling representation (2.22) and
Entry 8.4.49.25 in [6], Vol. III. Thus we get
Theorem 2. Let ν < 1− β (ν > 0), α > 0, β > 1/(2p), 1 ≤ p ≤ 2, f ∈ Lβ+ν,p (R+). Then
semigroup properties (2.23) ((2.24)) hold for all x> 0.
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3. LAGUERRE FRACTIONAL DERIVATIVES AND THEIR PROPERTIES
In this section we will define the left- and right-sided fractional order derivatives associated with the
Laguerre fractional integrals (2.1), (2.2). We will do it similarly to the Riemann-Liouville fractional
derivatives (1.4), (1.5), involving the operator θ = DxD of the ordinary Laguerre derivative (1.1).
Indeed, recalling (2.1), (2.2), (1.21) we have, correspondingly,
(
D
α
0+ f
)
(x)≡ (Dα0+xαDα0+) f = θm(Lm−α0+ f )(x), α > 0, m= [α]+1, x> 0, (3.1)
(
D
α
− f
)
(x)≡ (Dα−xαDα−) f = θm(Lm−α− f )(x), α > 0, m= [α]+1, x> 0. (3.2)
An alternative definition of fractional derivatives (3.1), (3.2) can be given, basing on properties of
various types of numbers in combinatorial analysis from the classical discrete to the fractional case.
In particular, the following identities in [7] give operator relations, involving the falling factorial
operator [xD]n = xD(xD−1) . . .(xD−n+1) and the operator xnDn, namely,
[xD]n =
n
∑
k=0
s(n,k)(xD)k = xnDn, (3.3)
where s(n,k) are the Stirling numbers of the first kind. Therefore (1.21) suggests the identity
θn f = (DnxnDn) f = x−n
(
n
∑
k=0
s(n,k)(xD)k
)2
f . (3.4)
Hence in order to define the fractional power of the operator θ , we will appeal to the so-called Stirling
function s(α,k) of the first kind (cf. [2])
s(α,k) =
1
k!
dk[u]α
duk
∣∣∣∣
u=0
, α > 0,k ∈ N0 (3.5)
and the falling factorial function [u]α is naturally defined by the formula
[u]α =
Γ(u+1)
Γ(u+1−α) . (3.6)
Since s(n,k) = 0, k ≥ n+1 [2], the fractional derivative (3.1) can be given from (3.4) in the form
(
D
α
0+ f
)
(x) = x−α
(
∞
∑
k=0
s(α,k)(xD)k
)2
f . (3.7)
Appealing to the Cauchy product for the series, we rewrite (3.7) as follows
(
D
α
0+ f
)
(x) = x−α
∞
∑
k=0
ck(α)(xD)
k f , (3.8)
where
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ck(α) =
k
∑
j=0
s(α, j) s(α,k− j). (3.9)
In fact, employing the Leibniz differentiation formula for the product of functions, we have from (3.5)
ck(α) = lim
u→0
1
k!
k
∑
j=0
(
k
j
)
d j[u]α
du j
dk− j[u]α
duk− j
=
1
k!
dk[u]2α
duk
∣∣∣∣∣
u=0
.
Therefore we obtain formally from (3.7) (cf. (3.3))
x−α
∞
∑
k=0
ck(α)(xD)
k f = x−α
∞
∑
k=0
1
k!
dk[u]2α
duk
∣∣∣∣∣
u=0
(xD)k f
= x−α ([xD]α)2 f =
(
Dα0+x
αDα0+
)
f . (3.10)
In the same manner fractional derivative (3.2) can be interpreted. A more straightforward interpreta-
tion can be realized, writing the identity
(DnxnDn) f = n!
(
n
∑
k=0
(
n
k
)
xk
k!
Dk+n
)
f . (3.11)
Hence we set, for instance,
(
D
α
0+ f
)
(x) = Γ(α +1)
(
∞
∑
k=0
[α]k
(k!)2
xk Dk+α0+
)
f . (3.12)
The right-hand side of the latter equality (3.12) can be formally interpreted in terms of the Gauss hy-
pergeometric function at the unity, and we deduce the following operational relation for the Laguerre
fractional derivative (3.1) in terms of the Riemann-Louville derivative (1.4)
(
D
α
0+ f
)
(x) =
Γ(1+α + xD)
Γ(1+ xD)
Dα0+ f . (3.13)
Analogously, for the derivative (3.2) we find
(
D
α
− f
)
(x) =
Γ(1+α + xD)
Γ(1+ xD)
Dα− f . (3.14)
Now, recalling (2.21), (2.22), we write fractional integrals in (3.1), (3.2) accordingly,
(Lm−α0+ f )(x) =
1
2pii
∫ ν+i∞
ν−i∞
(
Γ(1−m+α− s)
Γ(1− s)
)2
f ∗(s+m−α)x−sds, (3.15)
(Lm−α− f )(x) =
1
2pii
∫ γ+i∞
γ−i∞
(
Γ(s)
Γ(s+m−α)
)2
f ∗(s+m−α)x−sds. (3.16)
Basing on relations (1.21) and Theorem 2, it is not difficult to establish the following identities
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D
α
0+L
α
0+ f = f (3.17)
under conditions ν < 1−α, α > 1/(2p), f ∈ Lα+ν,p (R+)∩Lν,p (R+) , m= [α]+1, 1≤ p≤ 2,
D
α
−L
α
− f = f (3.18)
when α > 0, f ∈ Lα+γ ,p (R+)∩ Lγ ,p (R+) , γ > m, m = [α] + 1, 1 ≤ p ≤ 2. Let s2α f ∗(s+m−
α) ∈ L1 (ν − i∞, ν + i∞)∩L1 (γ− i∞, γ + i∞). Hence via the asymptotic of the quotient of gamma-
functions and the Lebesgue dominated convergence theorem we find that integrals (3.15), (3.16) con-
verge absolutely. Then, applying to the both sides of (3.15), (3.16) the differential operator θm, we
differentiate under the integral sign on their right-hand sides due to the absolute and uniform conver-
gence by x≥ x0 > 0 to obtain, involving (3.1), (3.2), the equalities
(
D
α
0+ f
)
(x) =
1
2pii
∫ ν+i∞
ν−i∞
(
Γ(1+m−α− s)(s)m
Γ(1− s)
)2
f ∗(s+m−α)x−s−mds,
(
D
α
− f
)
(x) =
1
2pii
∫ γ+i∞
γ−i∞
(
Γ(s)(s)m
Γ(s+m−α)
)2
f ∗(s+m−α)x−s−mds,
where (s)m = s(s+1) . . .(s+m−1) is the Pochhammer symbol. It can be simplified, employing the
addition and reflection formulas for the gamma-function with a simple substitution. In fact, we derive
(
D
α
0+ f
)
(x) =
1
2pii
∫ ν+i∞
ν−i∞
(
Γ(1+m−α− s)
Γ(1− s−m)
)2
f ∗(s+m−α)x−s−mds
=
1
2pii
∫ ν+m+i∞
ν+m−i∞
(
Γ(1+α− s)
Γ(1− s)
)2
f ∗(s−α)x−sds. (3.19)
Analogously, we find
(
D
α
− f
)
(x) =
1
2pii
∫ γ+m+i∞
γ+m−i∞
(
Γ(s)
Γ(s−α)
)2
f ∗(s−α)x−sds. (3.20)
The differentiation under the integral sign in (3.19), (3.20) is motivated by the estimates, respectively,
∫ ν+i∞
ν−i∞
∣∣∣∣Γ(1+m−α− s)Γ(1− s−m)
∣∣∣∣
2 ∣∣ f ∗(s+m−α)x−s−mds∣∣
≤Cm x−ν−m0
∫ ν+i∞
ν−i∞
|s|2α | f ∗(s+m−α)ds|< ∞, (3.21)
∫ γ+i∞
γ−i∞
∣∣∣∣ Γ(s+m)Γ(s+m−α)
∣∣∣∣
2 ∣∣ f ∗(s+m−α)x−s−mds∣∣
≤Cm x−ν−m0
∫ γ+i∞
γ−i∞
|s|2α | f ∗(s+m−α)ds|< ∞, (3.22)
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whereCm > 0 is an absolute constant. Moreover, comparing with (2.21), (2.22), we identify Laguerre
fractional derivatives in terms of the corresponding fractional integrals. Precisely, we have
(
D
α
0+ f
)
(x)≡ (L−α0+ f )(x),
(
D
α
− f
)
(x)≡ (L−α− f )(x). (3.23)
Furthermore, reciprocally to (3.17), (3.18), one can prove, recalling (2.1), (2.2), (3.19), (3.20) and
Fubini’s theorem, the identities
Lα0+D
α
0+ f = f , L
α
−D
α
− f = f . (3.24)
Indeed, we find from (2.4) and (1.8)
(
Lα0+D
α
0+ f
)
(x) =
1
Γ(2α)
∫ x
0
(x−u)2α−1u−α2F1
(
α, α; 2α; 1− x
u
)
× 1
2pii
∫ ν+m+i∞
ν+m−i∞
(
Γ(1+α− s)
Γ(1− s)
)2
f ∗(s−α)u−sdsdu
=
1
2pii
∫ ν+m+i∞
ν+m−i∞
(
Γ(1+α− s)
Γ(1− s)
)2(
Γ(1− s)
Γ(1+α− s)
)2
f ∗(s−α)xα−sds
=
1
2pii
∫ ν+m+i∞
ν+m−i∞
f ∗(s−α)xα−sds= 1
2pii
∫ ν+m−α+i∞
ν+m−α−i∞
f ∗(s)x−sds= f (x),
where the interchange of the order of integration is allowed by virtue of the estimate (see (2.9))
∫ 1
0
(1−u)2α−1u−α−ν−m2F1
(
α, α; 2α; 1− 1
u
)
×
∫ ν+m+i∞
ν+m−i∞
∣∣∣∣∣
(
Γ(1+α− s)
Γ(1− s)
)2
f ∗(s−α)ds
∣∣∣∣∣du< ∞
under conditions f ∈ Lν+m−α,1 (R+) , s2α f ∗(s+m−α) ∈ L1 (ν− i∞, ν + i∞) , m = [α] + 1, α >
0, ν < 1−m. In the same manner we establish the second identity in (3.24), assuming that f ∈
Lγ+m−α,1 (R+) , s2α f ∗(s+m−α) ∈ L1 (γ− i∞, γ + i∞) , m= [α]+1, α > 0, γ > α−m.
An analog of formula (2.15) for the Laguerre fractional derivatives can be established by the fol-
lowing theorem.
Theorem 3. Let α > 0, ν < 1+α −m, m = [α] + 1, f ∈ L1−ν−m,1 (R+) ,g ∈ Lν+m−α,1 (R+),
s2αg∗(s−α)∈ L1 (ν +m− i∞,ν +m+ i∞) , s2α f ∗(s−α)∈ L1 (1+α−ν−m− i∞,1+α−ν−m+ i∞).
Then the following identity holds∫ ∞
0
f (x)(Dα0+g)(x)dx=
∫ ∞
0
g(x)(Dα− f )(x)dx. (3.25)
Proof. Indeed, taking representation (3.19) for the Laguerre fractional derivative (Dα0+g)(x) and plug-
ging it into the left-hand side of (3.25), we change the order of integration by Fubini’s theorem due to
the involved assumptions and estimates (3.21), (3.22). Hence we obtain via (1.6), (1.7), (3.20) and a
simple substitution
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∫ ∞
0
f (x)(Dα0+g)(x)dx=
1
2pii
∫ ν+m+i∞
ν+m−i∞
(
Γ(1+α− s)
Γ(1− s)
)2
g∗(s−α) f ∗(1− s)ds
=
1
2pii
∫ γ+m+i∞
γ+m−i∞
(
Γ(s)
Γ(s−α)
)2
g∗(1− s) f ∗(s−α)ds=
∫ ∞
0
g(x)(Dα− f )(x)dx,
where γ = 1+α−2m−ν.

4. THE VOLTERRA-TYPE INTEGRAL EQUATION OF THE SECOND KIND
Let us consider the following Volterra-type equation of the second kind, involving the Laguerre
fractional integral (2.1) in the space Lν,p(0, l), 1≤ p≤ ∞, l > 0
f (x) = g(x)+
λ
Γ(2α)
∫ x
0
(x−u)2α−1u−α2F1
(
α, α; 2α; 1− x
u
)
f (u)du, x ∈ (0, l), (4.1)
where the parameter λ ∈ C, g ∈ Lν,p(0, l) is a given function and f is to be determined in the space
Lν,p(0, l). In order to study the solvability of the equation (4.1) in this space we first show that the
integral operator Lα0+ : Lν,p(0, l)→ Lν,p(0, l) is bounded. In fact, we have similarly to (2.9)
∣∣∣∣Lα0+ f ∣∣∣∣ν,p =
(∫ l
0
∣∣∣∣ 1Γ(2α)
∫ x
0
(x
u
−1
)2α−1
2F1
(
α, α; 2α; 1− x
u
)
f (u)uα−1du
∣∣∣∣
p
xν p−1dx
)1/p
=
(∫ l
0
∣∣∣∣ 1Γ(2α)
∫ ∞
1
(u−1)2α−1 2F1 (α, α; 2α; 1−u) f
(x
u
)(x
u
)α du
u
∣∣∣∣
p
xν p−1dx
)1/p
≤ 1
Γ(2α)
∫ ∞
1
(u−1)2α−1 uν−12F1 (α, α; 2α; 1−u)
(∫ l/u
0
| f (x)|p x(α+ν)p−1dx
)1/p
du
≤C+ lα || f ||ν,p , (4.2)
where α > 0, α + ν < 1 and C+ is defined by (2.10). This estimate proves the boundedness of the
Laguerre integral (2.1) in the space Lν,p(0, l). Further, equation (4.2) reads in the operator form
(
I−λLα0+
)
f (x) = g(x), x ∈ (0, l). (4.3)
Hence it can be solved in terms of the Neumann series as follows
f (x) =
(
I−λLα0+
)−1
g(x) =
(
1+
∞
∑
n=1
λ n
(
Lα0+
)n)
g(x), (4.4)
whose absolute convergence is guaranteed owing to (4.2) in the open disk |λ |< (C+lα)−1 since
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∣∣∣∣∣
∣∣∣∣∣1+
∞
∑
n=1
λ n
(
Lα0+
)n∣∣∣∣∣
∣∣∣∣∣
ν,p
≤
∞
∑
n=0
|λ |n ∣∣∣∣Lα0+∣∣∣∣nν,p ≤ ∞∑
n=0
|λ |n(C+lα)n
=
1
1−|λ |C+lα , |λ |< (C+l
α)−1.
This unique solution can be written in the explicit form if we establish the semigroup property (2.24)
in the space Lν,p(0, l). To do this, we have(
L
β
0+L
α
0+ f
)
(x) =
1
Γ(2β )Γ(2α)
∫ x
0
(x−u)2β−1u−β 2F1
(
β , β ; 2β ; 1− x
u
)
×
∫ u
0
(u− t)2α−1t−α2F1
(
α, α; 2α; 1− u
t
)
f (t)dtdu
=
1
Γ(2β )Γ(2α)
∫ x
0
t−α f (t)
∫ x
t
(x−u)2β−1(u− t)2α−1u−β 2F1
(
β , β ; 2β ; 1− x
u
)
×2F1
(
α, α; 2α; 1− u
t
)
dudt, (4.5)
where the interchange of the order of integration is permitted due to the estimates via the Ho¨lder and
generalized Minkowski inequalities∫ x
0
t−α | f (t)|
∫ x
t
(x−u)2β−1(u− t)2α−1u−β 2F1
(
β , β ; 2β ; 1− x
u
)
×2F1
(
α, α; 2α; 1− u
t
)
dudt
≤ || f ||ν,p
(∫ x
0
t(α−ν)p
′−1
(∫ x
t
(x
u
−1
)2β−1(u
t
−1
)2α−1
uβ−12F1
(
β , β ; 2β ; 1− x
u
)
×2F1
(
α, α; 2α; 1− u
t
)
du
)p′
dt
)1/p′
≤ || f ||ν,p
∫ x
0
(x−u)2β−1 u−β 2F1
(
β , β ; 2β ; 1− x
u
)(∫ u
0
t(1−α−ν)p
′−1 (u− t)(2α−1)p′
×
(
2F1
(
α, α; 2α; 1− u
t
))p′
dt
)1/p′
du
= || f ||ν,p
∫ x
0
(x−u)2β−1 uα−ν−β 2F1
(
β , β ; 2β ; 1− x
u
)
du
×
(∫ 1
0
t(1−α−ν)p
′−1 (1− t)(2α−1)p′
(
2F1
(
α, α; 2α; 1− 1
t
))p′
dt
)1/p′
< ∞
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when x> 0, α > 1/(2p), β > 0, ν < 1, 1≤ p≤∞. Hence, returning to (4.5), we calculate the inner
integral, employing (2.4), (2.25). Thus we find
1
Γ(2β )Γ(2α)
∫ x
t
(x−u)2β−1(u− t)2α−1u−β 2F1
(
β , β ; 2β ; 1− x
u
)
×2F1
(
α, α; 2α; 1− u
t
)
du=
t2α−1
2pii Γ(2β )
∫ ∞
0
(x
u
−1
)2β−1
+
uβ−12F1
(
β , β ; 2β ; 1− x
u
)
×
∫ γ+i∞
γ−i∞
(
Γ(1−α− s)
Γ(1− s)
)2(u
t
)−s
dsdu=
t2α−1xβ
2pii
∫ γ+i∞
γ−i∞
(
Γ(1−α− s)
Γ(1+β − s)
)2(x
t
)−s
ds
=
t2α+β−1
Γ(2(α +β ))
(x
t
−1
)2(α+β )−1
+
2F1
(
α +β , α +β ; 2(α +β ); 1− x
t
)
,
where the interchange of the order of integration is allowed by Fubini’s theorem under conditions
α > 1/2, β > 0, γ +α < 1. Consequently, substituting this result into the right-hand side of the latter
equality (4.5), we obtain finally
(
L
β
0+L
α
0+ f
)
(x) =
1
Γ(2(α +β ))
∫ x
0
(x− t)2(α+β )−1 t−α−β
×2F1
(
α +β , α +β ; 2(α +β ); 1− x
t
)
f (t)dt =
(
L
α+β
0+ f
)
(x),
completing the proof of the semigroup property (2.24) in the space Lν,p(0, l). Therefore, recalling
(4.4), we write the unique solution of the integral equation (4.1) in the form
f (x) = g(x)+
∞
∑
n=1
λ n
(
Lαn0+g
)
(x), x ∈ (0, l), (4.6)
where g ∈ Lν,p(0, l), 1≤ p≤∞, ν < 1−α, α > 1/2 and the series converges absolutely in the open
disk |λ | < (C+lα)−1. Hence, using the definition (2.1) of the Laguerre fractional integral, we write
the series in (4.6) as follows
∞
∑
n=1
λ n
(
Lαn0+g
)
(x) =
∞
∑
n=1
λ n
Γ(2αn)
∫ x
0
(x−u)2αn−1u−αn2F1
(
αn, αn; 2αn; 1− x
u
)
g(u)du
=
∫ x
0
g(u)
∞
∑
n=1
λ n
Γ(2αn)
(x−u)2αn−1u−αn2F1
(
αn, αn; 2αn; 1− x
u
)
du. (4.7)
The term-wise integration and summation is, indeed, allowed, and it can be shown, employing again
the Boltz formula for the Gauss hypergeometric function and its representation (2.6) in terms of the
associated Legendre function. This yields the formula
(x−u)2αn−1
Γ(2αn)
u−αn2F1
(
αn, αn; 2αn; 1− x
u
)
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=
x−αn(x−u)2αn−1
Γ(2αn)
2F1
(
αn, αn; 2αn; 1− u
x
)
=
√
pi
(xu)1/4 Γ(αn)
(x−u)αn−1/2P1/2−αn−1/2
(
x+u
2
√
xu
)
, x> u> 0. (4.8)
Moreover, we will use the Legendre integral for the associated Legendre function [4], Vol. I to write
the right-hand side of latter equality in (4.8) in the form
√
pi
(xu)1/4 Γ(αn)
(x−u)αn−1/2P1/2−αn−1/2
(
x+u
2
√
xu
)
=
2(x−u)2αn−1
Γ2(αn)
∫ ∞
0
dy
(2
√
xu cosh(y)+ x+u)αn
. (4.9)
Therefore, returning to (4.8) and making simple substitutions in the integral (4.9), we derive
(x−u)2αn−1
Γ(2αn)
u−αn2F1
(
αn, αn; 2αn; 1− x
u
)
=
2(x−u)2αn−1
Γ2(αn)
∫ ∞
0
dy
(2
√
xu cosh(y)+ x+u)αn
=
2(x−u)2αn−1
Γ2(αn)
∫ ∞
(
√
x+
√
u)2
dt
((t− x−u)2−4xu)1/2 tαn
=
2(x−u)2αn−1
Γ2(αn)
[∫ 4l+1
(
√
x+
√
u)2
+
∫ ∞
4l+1
]
dt
((t− x−u)2−4xu)1/2 tαn , (4.10)
where 0< u≤ x≤ l. But since
∫ ∞
4l+1
dt
((t− x−u)2−4xu)1/2 tαn ≤
∫ ∞
4l+1
dt
((t− x−u)2−4xu)1/2 tα
= (x+u)−α
∫ ∞
(4l+1−x−u)/(x+u)
dt
(t2− (4xu)/(x+u)2)1/2 (t+1)α
≤ (x+u)−α
∫ ∞
2
√
xu/(x+u)
dt
(t2− (4xu)/(x+u)2)1/2 (t+1)α
=
∫ ∞
1
dt
(t2−1)1/2 (2√xu t+ x+u)α ≤
1
(4xu)α/2
∫ ∞
1
dt
(t2−1)1/2 tα =
B(1/2,α/2)
21+α(xu)α/2
,
and
∫ 4l+1
(
√
x+
√
u)2
dt
((t− x−u)2−4xu)1/2 tαn ≤ x
−αn
∫ 4l+1
(
√
x+
√
u)2
dt
((t− x−u)2−4xu)1/2
= x−αn
∫ (4l+1−x−u)/(x+u)
2
√
xu/(x+u)
dt
(t2− (4xu)/(x+u)2)1/2
Laguerre fractional integro-differentiation 17
= x−αn log
(
4l+1− x−u
2
√
xu
+
(
(4l+1− x−u)2
4xu
−1
)1/2)
≤ x−αn log
(
4l+1√
xu
)
,
we find, combining with (4.10), the following estimate
(x−u)2αn−1
Γ(2αn)
u−αn2F1
(
αn, αn; 2αn; 1− x
u
)
≤ 2(x−u)
2αn−1
Γ2(αn)
[
B(1/2,α/2)
21+α(xu)α/2
+ x−αn log
(
4l+1√
xu
)]
. (4.11)
Hence, employing the Ho¨lder and Minkowski inequalities, the latter integral in (4.7) with the remain-
der of the corresponding series can be estimated as follows∣∣∣∣∣
∫ x
0
g(u)
∞
∑
n=N
λ n
Γ(2αn)
(x−u)2αn−1u−αn2F1
(
αn, αn; 2αn; 1− x
u
)
du
∣∣∣∣∣
≤ 2
∫ x
0
|g(u)|
∞
∑
n=N
|λ |n (x−u)2αn−1
Γ2(αn)
[
B(1/2,α/2)
21+α(xu)α/2
+ x−αn log
(
4l+1√
xu
)]
du
≤ 2||g||ν,p

∫ x
0
u(1−ν)p
′−1
(
∞
∑
n=N
|λ |n (x−u)2αn−1
Γ2(αn)
[
B(1/2,α/2)
21+α(xu)α/2
+ x−αn log
(
4l+1√
xu
)])p′
du


1/p′
≤ B(1/2,α/2)
2α
||g||ν,p
∞
∑
n=N
|λ |n xα(2n−1)−ν
Γ2(αn)
(∫ 1
0
u(1−ν−α/2)p
′−1(1−u)(2αn−1)p′du
)1/p′
+2log
(
4l+1
x
)
||g||ν,p
∞
∑
n=N
|λ |n xαn−ν
Γ2(αn)
(∫ 1
0
u(1−ν)p
′−1(1−u)(2αn−1)p′du
)1/p′
+||g||ν,p
∞
∑
n=N
|λ |n xαn−ν
Γ2(αn)
(∫ 1
0
u(1−ν)p
′−1(1−u)(2αn−1)p′ |log(u)|p′ du
)1/p′
≤ ||g||ν,p
∞
∑
n=N
|λ |n lαn−ν
Γ2(αn)
[
B(1/2,α/2) lαn−1
2α((1−ν−α/2)p′)1/p′ +
2log((4l+1)/x)
((1−ν)p′)1/p′
+
Γ1/p
′
(p′+1)
((1−ν)p′)1+1/p′
]
→ 0, N→ ∞
when α > 0, ν < 1−α/2, 0 < x ≤ l owing to the rapid growth of the gamma-function. Hence,
returning to (4.7), we represent the series inside the integral by virtue of the double hypergeometric
type series (cf. [5], formula (8.2)). Precisely, taking into account the first equality in (4.8), we write
the Gauss hypergeometric function in terms of the series to obtain
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∞
∑
n=1
λ n
Γ(2αn)
(x−u)2αn−1u−αn2F1
(
αn, αn; 2αn; 1− x
u
)
= λx−α(x−u)2α−1
∞
∑
k,n=0
(
Γ(α(n+1)+ k)
Γ(α(n+1))
)2 Γ(n+1)
Γ(2α(n+1)+ k)
(
1− u
x
)k (λx−α(x−u)2α)n
k! n!
= λx−α(x−u)2α−1F
(
(1,0,1),(α,1,α),(α,1,α)
(α,0,α),(α,0,α),(2α,1,2α)
; 1− u
x
, λx−α(x−u)2α
)
. (4.12)
Consequently, the final solution (4.6) of the integral equation (4.1) has the form
f (x) = g(x)+λx−α
∫ x
0
(x−u)2α−1
×F
(
(1,0,1),(α,1,α),(α,1,α)
(α,0,α),(α,0,α),(2α,1,2α)
; 1− u
x
, λx−α(x−u)2α
)
g(u)du, x ∈ (0, l). (4.13)
The results of this section are summarized in the following theorem.
Theorem 4. Let g ∈ Lν,p(0, l), l > 0, ν < 1−α/2, 1≤ p≤ ∞, α > 1/2. Then the Volterra-type
integral equation of the second kind (4.1),where λ ∈C : |λ |< (C+lα)−1 andC+ is defined by (2.10),
has a unique solution in the space Lν,p(0, l) given by formula (4.13).
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